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HIGHER ALGEBRAIC STRUCTURES IN
HAMILTONIAN FLOER THEORY I
OLIVER FABERT
Abstract. This is the first of two papers devoted to showing how the
rich algebraic formalism of Eliashberg-Givental-Hofer’s symplectic field
theory (SFT) can be used to define higher algebraic structures on the
symplectic cohomology of open symplectic manifolds. Using the SFT of
Hamiltonian mapping tori we show how to define a homotopy extension
of the well-known Lie bracket on symplectic cohomology. Apart from
discussing applications to the existence of closed Reeb orbits, we outline
how the L∞-structure is conjecturally related via mirror symmetry to
the extended deformation theory of complex structures.
Contents
Summary 1
1. Floer theory for symplectomorphisms 3
2. Cylindrical contact homology and Floer homology 5
3. Symplectic cohomology and SFT of Hamiltonian mapping tori 9
4. L∞-structure on symplectic cohomology 12
5. L∞-structure and Reeb dynamics 19
6. Applications to Chas-Sullivan theory 23
7. Relation with mirror symmetry 24
Appendix: Transversality using domain-dependent Hamiltonians 26
References 29
Summary
This paper is the first in a series of two papers. Their goal is to show how
the rich algebraic formalism of symplectic field theory (SFT), developed
in [10], can be used to define new algebraic structures in symplectic
cohomology.
In contrast to the relation between symplectic homology and contact
homology described in [4], we are not studying SFT invariants of contact
manifolds and their fillings. Note that in the foundational compactness
paper [3] it is shown that SFT invariants such as cylindrical and full
contact homology can not only be defined for contact manifolds but for
manifolds with a so-called stable Hamiltonian structure. Apart from
contact manifolds, it is shown that circle bundles over symplectic manifolds
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as well as symplectic mapping tori carry a stable Hamiltonian structure.
In this paper we are studying the symplectic field theory of Hamiltonian
mapping toriMφ, given by a choice of a symplectic manifold (M,ω) together
with Hamiltonian symplectomorphism φ. As a first result we give a proof of
the folk theorem stating that the cylindrical contact cohomology HC∗cyl(Mφ)
is given by the sum of the Floer cohomologies of powers of φ. On the other
hand, it is known that the symplectic cohomology of a Liouville manifold M
can be defined as a direct limit of Floer cohomologies of powers of a single
Hamiltonian symplectomorphism φ = φ1H ,
SH∗(M) = lim
−→
k∈N
HF∗(φk) =
⊕
k∈N
HF∗(φk)/ ∼ .
Here the underlying Hamiltonian function H : S1 ×M → R is assumed to
be C2-small in the interior of M and is required to grow linearly of slope
m > 0 with the R-coordinate s on the cylindrical end of M for s sufficiently
large.
For the well-definedness of cylindrical contact cohomology one crucially
uses the compactness result for holomorphic curves in cylindrical manifolds
established in [3]. While this requiresMφ and henceM to be closed, it is one
of the two key observations for our result that the classical C0-bounds for
holomorphic curves used in the definition of symplectic cohomology (and its
TQFT-structure) can be used to generalize the results from [3] to the case
of open symplectic manifolds. Using this we first prove
Proposition 0.1. For a Liouville manifold M and a Hamiltonian symplec-
tomorphism φ of the special form described above, the cylindrical contact
cohomology HC∗cyl(Mφ) is still well-defined and we obtain the symplectic co-
homology of M as a quotient
SH∗(M) = HC∗cyl(Mφ)/ ∼ .
The underlying equivalence relation is generated by α ∼ ϕn(α) for all α ∈
HC∗cyl(Mφ) and n ∈ N, where ϕn : HC
∗
cyl(Mφ) → HC
∗
cyl(Mφn) ⊂ HC
∗
cyl(Mφ)
denote the natural continuation maps for cylindrical contact cohomology de-
fined in [10].
After embedding symplectic cohomology into the framework of the
symplectic field theory of Hamiltonian mapping tori, we want to illustrate
how the higher algebraic structures defined in [10] descend to higher
algebraic structures on symplectic cohomology.
Following [10] and [11], the full contact homology of Mφ is defined as
the homology of the chain complex where the differential is defined by
counting unparametrized punctured holomorphic curves with one positive
cylindrical end but an arbitrary number of negative cylindrical ends. In
the same way as the cylindrical contact (co)homology has an immedi-
ate interpretation in Hamiltonian Floer theory, the same is indeed true
for the new algebraic structures arising from the more general moduli spaces.
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Instead of using the information of all moduli spaces to define the chain
complex of full contact homology, one can use it to define an L∞-structure
on the cylindrical contact cohomology, see [17] for a definition. In the same
way as symplectic cohomology of a Liouville manifold can be obtained as
quotient of the cylindrical contact cohomology of the open Hamiltonian
mapping torus, we show that the underlying linear maps can be lifted to
L∞-morphisms. Using this we prove our main result.
Theorem 0.2. Replacing the closed symplectic manifold by a Liouville man-
ifold equipped with a Hamiltonian symplectomorphism of the form above,
the L∞-structure on HC
∗
cyl(Mφ) is still well-defined and descends to an L∞-
structure on the symplectic cohomology which is well-defined up to homotopy.
We then show that the resulting L∞-structure on symplectic cohomology
indeed extends the well-known Lie bracket on SH∗(M), see [1] and [22]. For
this we show
Proposition 0.3. The coefficients appearing in the definition of the L∞-
structure count Floer solutions u : S˙ →M in the sense ([22], 6.1) with one
positive puncture with varying conformal structure and simultaneously rotat-
ing asymptotic markers. In particular, the above L∞-structure on SH
∗(M)
extends the Lie bracket on Floer cohomology defined in ([1], 2.5.1)
After introducing these new structures in symplectic cohomology, we
turn to applications and links to mirror symmetry.
Concerning applications, we show that the nontriviality of the L∞-
structure on SH∗(M) can be used to prove the existence of closed Reeb
orbits. Let ∆ denote the BV operator on symplectic cohomology.
Theorem 0.4. If the L∞-structure on SH
∗(M) is not trivial, then there is
at least one closed Reeb orbit on the contact boundary of M . If the L∞-
structure is not trivial on Ker∆ ⊂ SH∗(M), then there either exist two sim-
ple closed Reeb orbits or one homologically trivial Reeb orbit on the contact
boundary of M .
Finally we show that the existence of the algebraic structures that we are
defining in this paper are indeed expected by looking at mirror symmetry.
Conjecture 0.5. If M and M∨ are two open Calabi-Yau manifolds which
are mirror to each other (in the sense of homological mirror symmetry),
then the linear isomorphism between SH∗(M) and H∗(M∨,
∧
∗ TM∨) can be
lifted to an equivalence of L∞-algebras.
We end in the appendix by showing how transversality for all moduli
spaces can be established using domain-dependent Hamiltonian perturba-
tions, building on [11].
1. Floer theory for symplectomorphisms
Let (M,ω) be a symplectic manifold and let H : S1 × M → R be a
time-dependent Hamiltonian. The resulting Hamiltonian symplectomor-
phism is the time-one map φ = φ1H of the flow of the time-dependent
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symplectic gradient XHt of Ht = H(t, ·). In order to be able to prove
transversality for all occuring moduli spaces, see the generalization of the
results from [11] in the appendix, as well as to be able to work with a
simpler Novikov field, we assume that (M,ω) is semimonotone in the sense
that ω(A) = τ · c1(A) for all A ∈ π2(M) with some fixed τ ≥ 0, see [20].
Note that this includes the case of monotone symplectic manifolds as well
as all exact symplectic manifolds. Furthermore we assume that, after
choosing Hamiltonian perturbations as in the appendix, all fixed points of
the Hamiltonian symplectomorphism φ are nondegenerate, in particular,
isolated. We first briefly review the definition of the Floer cohomology
groups HF∗(φ) of the Hamiltonian symplectomorphism φ = φ1H . For this we
assume, until mentioned otherwise, that the symplectic manifold is closed.
Let P(φ) denote the set of contractible one-periodic orbits of the flow
of XHt . Using the evaluation at 0 ∈ S
1, note that the one-periodic orbits
x : S1 → M are in one-to-one correspondence with fixed points p = φ(p)
of the Hamiltonian symplectomorphism φ via evaluation at the base point
0 ∈ S1, p = x(0). Unambiguously we will not distinguish between one-
periodic orbits and the corresponding fixed point and we will assume without
mentioning that the underlying one-periodic orbit for each fixed point is
contractible. Using the Conley-Zehnder index CZ(x) of x, we can view x
as a Z-graded object with grading |x| = CZ(x) + 2(dimM − 2). For the
definition of the Conley-Zehnder index, assume that we have chosen for
every contractible closed orbit x a disk u : D2 → M with u(e2πit) = x(t)
which defines a unique unitary trivialization of the pullback bundle x∗TM .
Further note that the additional summand does not appear in the original
definition of Floer cohomology, but will become natural later on; we will
continue to work with this shifted grading in Floer theory throughout the
entire paper. Following ([20], section 11.1) we let Λ denote the universal
Novikov ring of all formal power series in the formal variable t of degree two
with rational coefficients,
Λ ∋ λ =
∑
ǫ∈R
nǫt
ǫ : #{ǫ ≤ c : nǫ 6= 0} <∞ for all c ∈ Q .
Note that our choice of coefficients ensures that Λ is indeed a field. With
this we introduce the Floer cochain groups CF∗(φ) to be the Z-graded vec-
tor space spanned by all fixed points x ∈ P(φ) with coefficients in the field Λ.
In order to define the coboundary operator ∂ : CF∗(φ) → CF∗+1(φ), we
start with choosing an ω-compatible almost complex structure J onM . Note
that for the necessary regularity result in Floer cohomology it is sufficient
to work with fixed J as long as one is allowed to perturb the S1-dependent
Hamiltonian function; for details see the appendix. For two given fixed
points x−, x+ ∈ P(φ), let Mx
+
x−(A) denote the moduli space of cylinders
u : R×S1 →M satisfying Floer’s perturbed Cauchy-Riemann equation
∂¯J,Hu = ∂su+ J(u) · (∂tu−X
H
t (u)) = 0,
connecting the corresponding two one-periodic orbits in the sense that
u(s, t) → x±(t) as s → ±∞ and representing the absolute homotopy class
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A ∈ π2(M). Furthermore it is important to observe that there is a natural
R-action on this space and we assume that elements inMx
+
x− are equivalence
classes under this R-action. Note that for the latter we use that for the def-
inition of the Conley-Zehnder index we have already chosen a spanning disk
for every contractible closed orbit x. With this we define the coboundary
operator ∂ : CF∗(φ)→ CF∗+1(φ) as
∂x− =
∑
x+,A
#Mx
+
x−(A) · x
+tc1(A),
where #Mx
+
x−(A) denotes the algebraic count of elements in
the moduli space of cylinders modulo R-shift in the case when
ind(u) = CZ(x+) − CZ(x−) + 2c1(A) = |x
+| − |x−| + |tc1(A)| = 1
and is equal to zero else.
In order to ensure that we always get a finite count, we use thatMx
+
x−(A)
is compact when ind(u) = 1. On the other hand, when ind(u) = 2,Mx
+
x−(A)
can be compactified to a one-dimensional moduli space with boundary given
by
∂1Mx
+
x−(A) =
⋃
Mx
+
x (A
+)×Mxx−(A
−),
where the union runs over all fixed points x ∈ P(φ) with ind(u+) =
ind(u−) = 1 for (u+, u−) ∈ Mx
+
x (A
+) × Mxx−(A
−) and A+ + A− = A.
Translating the above compactness result into algebra, we have shown that
we indeed have ∂ ◦∂ = 0, so that we can define the Floer cohomology groups
as
HF∗(φ) = H∗(CF∗(φ), ∂).
Furthermore it can be shown that the cohomology groups for different
choices of almost complex structures and Hamiltonian symplectomorphisms
φ are isomorphic. In particular, when φ is Hamiltonian, then the Floer
cohomology groups HF∗(φ) are isomorphic (up to grading shift) to the
quantum cohomology groups QH∗(M), which here are defined as the
singular cohomology groups of M with coefficients in the universal Novikov
ring Λ from above.
2. Cylindrical contact homology and Floer homology
In this part we review how Floer cohomology can be embedded into
the framework of symplectic field theory, by giving a rigorous proof of a
folk theorem; for further details we refer to subsection 2.1 in [11]. We
start with the observation that (parametrized) one-periodic Hamiltonian
orbits x : S1 → M are in one-to-one correspondence with unparametrized
one-periodic orbits γ of the canonical vector field ∂t on the corresponding
mapping torus Mφ = R×M/{(t, p) ∼ (t+1, φ(x))} by setting γ : S
1 →Mφ,
γ(t) = (t, x) where x is viewed as the corresponding fixed point. Following
[3], see also [11], note that Mφ naturally carries a stable Hamiltonian
structure in the sense of [3] given by (ω˜ = ω, λ˜ = dt) with Reeb vector
field R˜ = ∂t. As described in [11], the stable Hamiltonian manifold Mφ
can be identified with S1 × M equipped with the H-dependent stable
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Hamiltonian structure (ω˜H = ω + dHt ∧ dt, λ˜
H = dt) with Reeb vector field
R˜H = ∂t + X
H
t , where the underlying diffeomorphism between Mφ and
S1×M is given by the Hamiltonian flow, S1×M →Mφ, (t, p) 7→ (t, φ
t
H(p)).
Generalizing the one-to-one correspondence between (parametrized) or-
bits x± in M and unparametrized orbits γ± in Mφ ∼= S
1×M , one can show
that the moduli space of (parametrized) Floer cylinders Mx
+
x− connecting
x+ and x− can be identified with the moduli space of unparametrized
J˜-holomorphic cylinders in R×Mφ ∼= R×S
1×M converging to {+∞}× γ+
and {−∞} × γ− in the cylindrical ends. For this observe that the ω-
compatible almost complex structure J on (M,ω) and the S1-dependent
Hamiltonian Ht naturally defines a cylindrical almost complex structure
J˜ = J˜H on R×S1 × M in the sense of [3], compatible with the stable
Hamiltonian structure, by setting J˜∂s = ∂t + X
H
t and requiring that J˜
agrees with J on TM , see [11] and [3]. Then an easy computation shows,
see also ([11], proposition 2.2 and 2.4), that unparametrized J˜-holomorphic
maps u˜ : R×S1 → R×S1 ×M with u˜(s, t)→ (±∞, γ±(t)) as s → ±∞ are
in one-to-one correspondence with connecting Floer cylinders u ∈ Mx
+
x− .
For this observe that u˜ can be written as a tuple u˜ = (h, u), where u satisfies
Floer’s perturbed Cauchy-Riemann equation and h is an automorphism of
the cylinder which, after applying the inverse automorphism, we can always
assume to be the identity. Note that the natural R-action on Mx
+
x−(A)
corresponds to the natural R-symmetry on the space of J˜-holomorphic
maps to the cylindrical almost complex manifold R×Mφ.
Following [10], the cylindrical contact cohomology HC∗cyl = HC
∗
cyl(Mφ) of
the mapping torus Mφ is the cohomology of a cochain complex, HC
∗
cyl =
H∗(C∗, ∂), where the cochain space C∗ is now defined to be the linear space
generated by the closed unparametrized good orbits γ of the Reeb vector
field with coefficients in the universal Novikov ring Λ from before, where
for the definition of good orbits we refer to the discussion below. Note that
the period of each closed orbit in Mφ ∼= S
1 × M agrees with the degree
of the map to the base circle and hence the cochain space naturally splits,
C∗ =
⊕
k C
∗
k , where C
∗
k is generated by the orbits of period k ∈ N. As before
we work with a Z-grading given by |γ| = CZ(γ)+2(dimM−2), where CZ(γ)
denotes the Conley-Zehnder index for closed Reeb orbits defined in [10]. The
coboundary operator ∂ : C∗ → C∗ is defined as
∂γ− =
1
κγ−
·
∑
γ+,A
#Mγ
+
γ−(A) · γ
+tc1(A),
where κγ denotes the multiplicity of the closed orbit γ, see [10]. Note
that, as in the definition of cylindrical contact homology in [10], still the
multiplicity κγ− and not κγ+ appears, since for the passing from homology
to cohomology we just need to interchange the roles of γ+ and γ−.
Here Mγ
+
γ−
= Mγ
+
γ−
(A) denotes the moduli space of unparametrized
J˜-holomorphic cylinders u˜ : R×S1 → R×Mφ converging to γ
+ and γ−
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near the cylindrical ends, u˜(s, t+ τ±)→ (±∞, γ±(kt)) as s→ ±∞ for some
τ± ∈ S1 . For the latter observe that, although we now want to consider
the orbits as unparametrized objects, in the original definition from [10]
one arbitrarily fixes a parametrization by choosing a special point on each
closed Reeb orbit γ. Note that, as in the definition of the moduli spaces
Mx
+
x− in Floer cohomology, there is a natural R-action on this space and
we assume that elements inMγ
+
γ−
are equivalence classes under this R-action.
In order to provide a natural link between the cochain complexes of
cylindrical contact cohomology and Floer cohomology, we will modify the
original definition and choose on each k-periodic orbit not one but k special
points naturally given by the intersection of the orbit with the fibre over
π−1(0) ⊂Mφ of the projection Mφ → S
1. In order to cure for the resulting
overcounting, we assume that every special point comes with the rational
weight 1/k. Note that when γ is multiply-covered then some of these
special points might coincide and we sum the weights correspondingly;
in particular, when γ is a k-fold cover of a one-periodic orbit, then we
agree with the original definition in [10]. The k special points in turn
define k asymptotic markers (directions) at each cylindrical end and we
follow [10] and assume that the moduli spaces Mγ
+
γ−
are made up of maps
J˜-holomorphic maps u˜ as above together with asymptotic markers at each
cylindrical end up to reparametrization of the underlying cylinder. In
contrast to the original definition in [10], note that our choices of special
points on γ+ (and γ−) lead to a natural Zk(×Zk)-action on M
γ+
γ−
and we
assume that every unparametrized holomorphic cylinder with asymptotic
markers in Mγ
+
γ−
comes equipped with the weight given by the product
of the weights assigned to the special points defining the asymptotic markers.
While the closed orbits of period one are in bijection with the fixed points
x in P(φ), note that for general k ∈ N the fixed points in P(φk) are in k-
to-one-correspondence with closed orbits of period k when the underlying
orbit is simple. For this observe that for every fixed point x ∈ P(φk) the
points φ(x), . . . , φk−1(x) are also fixed points of φk which induces a natural
Zk-action on the cochain space CF
∗(φk). Note that the Conley-Zehnder in-
dices of φi(x) agree for all i = 0, . . . , k − 1 by symmetry reasons, since the
corresponding one-periodic orbits just differ by reparametrization and the
spanning surface u for x naturally defines spanning surfaces for all φi(x). On
the other hand, x, φ(x), . . . , φk−1(x) all represent the same unparametrized
k-periodic Reeb orbit γ. Without further mentioning, we will only consider
closed Reeb orbits where the underlying parametrized orbits in M are con-
tractible. Then the Conley-Zehnder index of γ defined in [10] agrees with the
Conley-Zehnder index of x (we can use the same spanning surfaces to define
the index for γ). More precisely, there is indeed a one-to-one correspondence
between the k fixed points and the k special points that we have chosen on γ
above. While it is not hard to see from our discussion above that the Floer
cochain complex for φ is contained in the cochain complex of the cylindrical
contact cohomology of Mφ, we now show that the full contact homology
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has an interpretation in terms of the Floer cohomologies of all powers φk of
the underlying Hamiltonian symplectomorphism φ = φ1H (defined using the
same ω-compatible almost complex structure). Let CF∗(φk)Zk ⊂ CF∗(φk) of
Zk-invariant elements. By symmetry reason it follows that the coboundary
operator restricts to a coboundary operator ∂ : CF∗(φk)Zk → CF∗+1(φk)Zk .
Proposition 2.1. For every k ∈ N the natural identification between the
cochain subspace C∗k ⊂ C
∗ generated by the k-periodic good Reeb orbits and
the subspace of Zk-invariant elements in CF
∗(φk) given by
C∗k → CF
∗(φk)Zk , γ 7→
1
κγ
(x± . . .± φk−1(x))
is compatible with the coboundary operators in cylindrical contact cohomol-
ogy and Floer cohomology. Together with HF∗(φk)Zk = HF∗(φk), it follows
that the cylindrical contact cohomology of the mapping torus Mφ is naturally
isomorphic to the sum of the Floer cohomologies of all powers of φ,
HC∗cyl(Mφ)
∼=
⊕
k
HF∗(φk).
Proof. The proof for k = 1 is already given above, since have shown that
connecting Floer cylinders in Mx
+
x− are in one-to-one correspondence with
unparametrized cylinders in Mγ
+
γ−
. For the case when k is an arbitary
natural number, observe first that the moduli spaceMγ
+
γ−
is only non-empty
when γ+ and γ− have the same period k by homological reasons. It again
follows from ([11],proposition 2.2), see also ([11], proposition 2.4), that
u˜ = (h, u) : R×S1 → R×Mφ ∼= R×S
1 ×M is a J˜ -holomorphic cylinder
precisely when h : R×S1 → R×S1 is holomorphic and u : R×S1 → M
satisfies the Floer equation ∂¯J,H,h(u) = Λ
0,1(du +XHh2 ⊗ dh2) = 0. When u˜
represents an element in Mγ
+
γ−
with k-periodic orbits, then it follows that
h is a k-fold unbranched covering map from the cylinder to itself, which in
turn implies that u satisfies the Floer equation for the pair (J,Hk) with the
1/k-periodic Hamiltonian Hkt = kHkt. After applying an automorphism of
the domain, note that for every u˜ ∈ Mγ
+
γ−
we can always assume that the
induced covering map h : R×S1 → R×S1 is given by h(s, t) = (ks, kt).
After fixing the k-fold covering map h using the action of the automor-
phism group, note that there still remains a Zk-action. In analogy to the
relation between closed orbits and fixed points, it follows that there is a k-
to-one correspondence between unparametrized J˜-holomorphic cylinders u˜
and cylinders u : R×S1 →M satisfying the Floer equation for (J,Hk) given
by reparametrization of the underlying cylinder. In particular, we have
#Mγ
+
γ−
=
1
k
k−1∑
i±=0
±#M
φi
+
(x+)
φi−(x−)
in case that x±, . . . , φk−1(x±) represents the orbit γ±, where the signs result
from the behaviour of the orientation under rotating the asymptotic mark-
ers. Note that when γ+ or γ− is multiply-covered with multiplicity κγ± and
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hence some of the fixed points x±, . . . , φk−1(x±) agree, we still need to count
them as different, since for each holomorphic cylinder inMγ
+
γ−
there are now
κγ± possible directions for the asymptotic marker. On the other hand, in
the same way as the closed one-periodic orbits x0, . . . , xk−1 : S
1 → M cor-
responding to fixed points x±, . . . , φk−1(x±) are obtained by reparametriza-
tion, xi(t) = x(t + i/k), the moduli space M
x+
x− from Floer cohomology is
naturally isomorphic to the moduli space M
φi(x+)
φi(x−)
for all 0 ≤ i ≤ k − 1 via
reparametrization. It follows that
k−1∑
i−=0
±#Mx
+
φi− (x−)
=
k−1∑
i−=0
±#M
φi
+
(x+)
φi− (x−)
for all 0 ≤ i+ ≤ k − 1. Together with the above identity we find that
#Mγ
+
γ−
=
k−1∑
i−=0
±#Mx
+
φi−(x−)
.
Using this we can show that the chain map C∗k → ⊕k CF
∗(φk)Zk , γ 7→
1
κγ
(x ± . . . ± φk−1(x)) has the desired property. Note that the sign comes
from comparing the orientations of γ and φi(x); in particular, when γ is a
bad orbit in the sense of [10] then the alternating sum on the right-hand-side
gives zero. It then follows that with respect to the above identification the
differential ∂ : ⊕k CF
∗(φk)Zk → ⊕k CF
∗(φk)Zk in Floer cohomology agrees
with the differential in cylindrical contact cohomology,
∂
( 1
κγ−
(x− ± . . . ± φk−1(x−))
)
=
1
κγ−
·
∑
x+,A
( k−1∑
i=0
±#Mx
+
φi(x−)(A)
)
· x+tc1(A)
=
1
κγ−
·
∑
x+,A
±#Mγ
+
γ−
(A) · x+tc1(A)
=
1
κγ−
·
∑
γ+,A
#Mγ
+
γ−
(A) ·
1
κγ+
(x+ ± . . .± φk−1(x+))tc1(A).
Finally, for Hamiltonian symplectomorphisms with sufficiently C2-small
Hamiltonian (depending on k) note that all fixed points of φk correspond
to critical points of the underlying Hamiltonian and hence are already fixed
points of φ. It follows that HF∗(φk)Zk = HF∗(φk) = QH∗(M) for such
small Hamiltonian symplectomorphisms. From the invariance properties of
Floer homology we then get HF∗(φk)Zk ∼= QH∗(M) ∼= HF∗(φk) and hence
HF∗(φk)Zk = HF∗(φk) for all Hamiltonian symplectomorphisms. 
3. Symplectic cohomology and SFT of Hamiltonian mapping
tori
A Liouville manifold is a tuple (M,λ) of an open manifold M and a
one-form λ on M such that (M,ω = dλ) is an exact symplectic manifold
with a cylindrical end in the sense that M = M0 ∪ R+×∂M0 for a
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compact subset M0 of M . The globally defined vector field Z determined
by λ = ι(Z)(ω) is called the Liouville vector field and we require that
Z points outwards through the boundary ∂M0 and agrees with the
R-direction ∂s on R
+×M0. In order to be able to study holomorphic
curves in M , we assume that the Liouville manifold is equipped with a
ω-compatible almost complex structure J which is cylindrical in R+×M0
in the sense of [3], in particular, JZ is tangent to ∂M0 in the cylindrical end.
Following [22] the symplectic cohomology of a Liouville manifold M can
be defined as a direct limit of Floer cohomologies of powers of a single
Hamiltonian symplectomorphism φ = φ1H ,
SH∗(M) = lim
−→
k∈N
HF∗(φk) =
⊕
k∈N
HF∗(φk)/ ∼ .
The underlying Hamiltonian function H : S1 ×M → R is assumed to be
C2-small in the interior of M0 and is required to grow linearly of slope
m > 0 with the R-coordinate s on the cylindrical end of M for s sufficiently
large, see [22]. Note that when c1(TM) = 0 we indeed work with coefficients
in C; further we will no longer assume that the orbits are contractible in
M .
As mentioned above, it is the goal of this paper to prove that the
symplectic cohomology SH∗(M) of a Liouville manifold M carries a natural
L∞-structure. For this we first need to show how the symplectic cohomology
of M can be defined using the formalism of Eliashberg-Givental-Hofer’s
symplectic field theory ([10]) for symplectic mapping tori. We emphasize
that this is different and not related with the connection between symplectic
cohomology and cylindrical contact cohomology discussed in [4].
We seen above that, in the case of closed symplectic manifolds M , the
cylindrical contact cohomology is given by the sum of the Floer cohomologies
of powers of φ,
HC∗cyl(Mφ)
∼=
⊕
k∈N
HF∗(φk)Zk =
⊕
k∈N
HF∗(φk).
In order to see that the Zk-invariant part of the Floer cohomology group
of φk agrees with HF∗(φk) as in the case of Hamiltonian symplectomor-
phisms on closed symplectic manifolds, we follow [4] and assume that the
S1-dependent Hamiltonians Hkt defining φ
k for each k ∈ N are obtained as
a small perturbation of a S1-independent Hamiltonian H = H0 : M → R
using a small Morse function on each closed orbit of H. Identifying each
k-periodic orbit of H with the circle using an appropriate parametrization,
we assume that each Morse function is 1/k-periodic to obtain the required
Zk-symmetry on the set of generators of the chain complex underlying
HF∗(φk). On the other hand, it can be directly seen from the definition
of the Morse-Bott differential in [4] that all perturbed orbits represent the
same generator on homology. Note that by the standard transversality
result in Floer cohomology theory we can assume that the almost complex
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structure J is S1-independent.
For the well-definedness of cylindrical contact cohomology one crucially
uses the compactness result for holomorphic curves in cylindrical manifolds
established in [3]. While this requires Mφ and hence M to be closed, it is
one of the two key observations for our result that the classical C0-bounds
for holomorphic curves used in the definition of symplectic cohomology
(and its TQFT-structure) can be used to generalize the results from [3] to
the case of open symplectic manifolds.
Indeed, from now on assume that M is no longer closed but a Liouville
manifold as defined above and let φ = φH1 be a Hamiltonian symplectomor-
phism with a Hamiltonian H : S1 ×M → R of the form above. Since the
C0-bound for the Floer trajectory u from ([22], lemma 2.1) immediately
gives a C0-bound for the map u˜ : R×S1 → R×Mφ ensuring that its image
stays in a compact subset of the open mapping torus Mφ, it follows that the
compactness result for holomorphic curves from [3] still hold and hence the
cylindrical contact cohomology of the mapping torusMφ is still well-defined.
Proposition 3.1. For a Liouville manifold M and a Hamiltonian symplec-
tomorphism φ of the special form described above, the cylindrical contact
cohomology HC∗cyl(Mφ) is still well-defined and we obtain the symplectic co-
homology of M as a quotient
SH∗(M) = HC∗cyl(Mφ)/ ∼ .
The underlying equivalence relation is generated by α ∼ ϕn(α) for all α ∈
HC∗cyl(Mφ) and n ∈ N, where ϕn : HC
∗
cyl(Mφ) → HC
∗
cyl(Mφn) ⊂ HC
∗
cyl(Mφ)
denote the natural continuation maps for cylindrical contact cohomology de-
fined in [10].
Proof. It follows directly from the direct limit definition of SH∗(M) used
above that SH∗(M) is a quotient of HC∗cyl(Mφ) =
⊕
k∈NHF
∗(φk). Hence
it just remains to show that the equivalence relation used in the definition
of the direct limit, now denoted by ≈, agrees with the equivalence relation
∼ in the statement of the lemma, defined using the continuation maps on
cylindrical contact cohomology.
For this recall that for each n ∈ N the continuation map
ϕn : HC
∗
cyl(Mφ) → HC
∗
cyl(Mφn) is defined by counting holomorphic
cylinders in R×S1 × M equipped with a R-dependent almost com-
plex structure Jˆ . It is explicitly determined by Jˆ = Jt on TM and
Jˆ∂s = ∂t + X
H
s,t, where Hs,t : M → R, (s, t) ∈ R×S
1 shall be viewed as
an R-dependent family of S1-dependent Hamiltonians which interpolates
between H+t := Ht and H
−
t := H
n
t = nHnt in the sense that Hs,t = H
+
t
for s > s0 and Hs,t = H
−
t for s < −s0 (for some fixed s0 >> 1). Denoting
Hks,t := kHks,kt, one can show as before that each (unparametrized)
Jˆ-holomorphic cylinder uˆ in R×S1 ×M connecting two Reeb orbits can be
identified with a cylinder u : R×S1 → M satisfying the R-dependent Floer
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equation ∂¯J,Hk(u) = Λ
0,1(du + XH
k
s,t ⊗ dt) = 0 for some k ∈ N, see ([11],
theorem 5.2).
It follows that each of the natural continuation maps ϕn corre-
sponds to a family of continuation maps on the Floer cohomologies
ϕknk : HF
∗(φk) → HF∗(φnk) for all k ∈ N. On the other hand, assuming
the R-dependent interpolating Hamiltonian Hs,t : M → R, (s, t) ∈ R×S
1
is chosen to be monotone with respect to s ∈ R, we can now employ
the C0-bounds from ([22], subsection 3.2) used for the definition of the
continuation maps in symplectic cohomology to show that the relevant
compactness results for holomorphic curves in cobordisms from [3] still hold.
First assume that α ≈ β with α ∈ HF∗(φk), β ∈ HF∗(φℓ). Then
by definition there exists j ≥ k, ℓ such that ϕkj (α) = ϕ
ℓ
j(β) ∈ HF
∗(φj).
By the naturality of the continuation maps it follows that indeed
ϕki (α) = ϕ
ℓ
i(β) ∈ HF
∗(φi) for all i ≥ j. Now choose m,n ∈ N such that
mk = nℓ ≥ j. Then it follows that ϕm(α) = ϕ
k
mk(α) = ϕ
ℓ
nℓ(β) = ϕn(β),
that is, we have α ∼ β.
For the converse direction, assume that we have α ∼ β with α ∈ HF∗(φk),
β ∈ HF∗(φℓ). Now it follows that ϕkmk(α) = ϕ
ℓ
nℓ(β) for some m,n ∈ N with
j := mk = nℓ and we have shown that α ≈ β. 
Let us end this section by emphasizing that, in order to obtain a grading
preserving isomorphism in the above proposition, we assume that we use our
shifted grading convention also in the definition of symplectic cohomology.
4. L∞-structure on symplectic cohomology
After embedding symplectic cohomology into the framework of the
symplectic field theory of Hamiltonian mapping tori, we want to illustrate
how the higher algebraic structures defined in [10] descend to higher
algebraic structures on symplectic cohomology.
In order to use the algebraic formalism of [10], let us first introduce for
every (good) closed Reeb orbit γ in Mφ a formal variable qγ with opposite
grading, |qγ | = −|γ|. Note that they can be viewed as coordinates of an
abstract graded linear space Q˜ over Λ which is canonically isomorphic to the
cochain space of cylindrical contact cohomology of Mφ by identifying the
generator γ in the cochain space with the unit vector eγ in Q˜. Alternatively,
observing that the tangent space T0Q˜ ∼= Q˜ of Q˜ (at 0 ∈ Q˜) is spanned by
the vectors ∂/∂qγ with |∂/∂qγ | = −|qγ | = |γ|, we can equivalenty identify γ
with ∂/∂qγ . In any case, we will freely jump between both pictures.
Following [10] and [11], the full contact homology of Mφ is defined as the
cohomology of the cochain complex
HC∗(Mφ) = H∗(A, X˜).
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Here the chain space A is defined as the graded commutative algebra
spanned by the formal variables qγ over the Novikov ring Λ. It follows that,
as a graded linear space over Λ, it is spanned by monomials qΓ := qγ1 ·. . . ·qγℓ
for all finite collections of closed Reeb orbits Γ = (γ1, . . . , γℓ). Note that
the chain algebra A can hence be identified with the algebra T (0,0) Q˜ of
(polynomial) functions (=(0, 0)-tensor fields) on the cochain space Q˜ of the
cylindrical contact cohomology of Mφ.
On the other hand, the space T (1,0) Q˜ of vector fields on Q˜ is spanned, as
a linear space over Λ, by formal products of the form qΓ ·∂/∂qγ+ . Note that
every element in T (1,0) Q˜ defines a linear map from the space of functions
A = T (0,0) Q˜ into itself, by viewing it as a derivation satisfying a graded
version of the Leibniz rule. This said, the boundary operator in full contact
homology can be encoded in the vector field
X˜ =
∑
γ+
(∑
Γ,A
1
r!
1
κΓ
♯Mγ
+
(Γ, A) · qΓtc1(A)
) ∂
∂qγ+
∈ T (1,0) Q˜
on Q˜, called cohomological vector field, defined by counting unparametrized
punctured J˜-holomorphic curves with one positive cylindrical end but an
arbitrary number of negative cylindrical ends.
For every closed unparametrized orbit γ+ (of period k ∈ N) and
every ordered set of closed unparametrized orbits Γ = (γ0, . . . , γr−1) (of
periods k0, . . . , kr−1 with k0 + . . . + kr−1 = k) of the Reeb vector field
on Mφ ∼= S
1 × M , the moduli space Mγ
+
(Γ) = Mγ
+
(Γ, A) consists of
equivalence classes of tuples (u˜, z0, . . . , zr−1) together with an asymptotic
marker (direction) at each zi, where (z0, . . . , zr−1) is a collection of marked
points on C = S2\{∞} and u˜ = (h, u) : S˙ → R×Mφ ∼= R×S
1 × M
is a J˜-holomorphic map from the resulting punctured sphere
S˙ = C \{z0 . . . , zr−1} = S
2\{z0 . . . , zr−1, z∞ = ∞} to the cylindrical
almost complex manifold R×Mφ. For the asymptotics we require that in
compatible cylindrical coordinates (s+, t+) near z∞ and (si, ti) near zi that
u˜(s+, t+) → (+∞, γ+(kt+)) as s+ → +∞ and u˜(si, ti) → (−∞, γi(kiti)) as
si → −∞ for all i = 0, . . . , r − 1.
Note that the asymptotic markers (and hence the cylindrical coordinates)
at each puncture are not fixed, but, as in the definition of cylindrical contact
cohomology, they are fixed by special points on the closed Reeb orbits.
For the latter observe that, although we want to consider the orbits as
unparametrized objects, in the original definition from [10] one arbitrarily
fixes a parametrization by choosing a special point on each closed Reeb
orbit γ. In order to provide a natural link between the cochain complexes
of cylindrical contact cohomology and Floer cohomology, note that we have
modified the original definition and now choose on each k-periodic orbit
not one but k special points, naturally given by the intersection(s) of the
orbit with the fibre over {0} ×M ⊂ S1 ×M ∼= Mφ. In order to cure for
the resulting overcounting, we assume that every special point comes with
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the rational weight 1/k. Note that when γ is multiply-covered then some of
these special points might coincide and we sum the weights correspondingly;
in particular, when γ is a k-fold cover of a one-periodic orbit, then we agree
with the original definition in [10]. The k special points in turn define k
asymptotic markers (directions) at each cylindrical end.
As for cylindrical contact cohomology we consider unparametrized
J˜-holomorphic curves and assume that elements in the moduli space
Mγ
+
(Γ) are equivalence classes under the obvious action of the group
of Moebius transformations on C = S2\{∞} and the natural R-shift on
the cylindrical target manifold. Furthermore we assume, as before, that
they are equipped with a rational weight given by the product of the
rational weights of the special marked points defining the asymptotic
markers. Note further that in the appendix we show how the results in
[11] can be modified to achieve transversality for all moduli spaces Mγ
+
(Γ)
using domain-dependent Hamiltonian perturbations. Finally it can be
shown that to each J˜-holomorphic curve in Mγ
+
(Γ) one can still assign
a class A ∈ H2(M). When Γ consists of a single orbit γ
−, then we just
get back the moduli spaces of cylindrical contact homology from before,
Mγ
+
(γ−) =Mγ
+
γ−
.
It is shown in [3], see also [11], that the moduli space Mγ
+
(Γ) =
Mγ
+
(Γ, A) is compact when the index is one and, when the index is two,
can be compactified to a one-dimensional moduli space with boundary
∂1Mγ
+
(Γ) =
⋃
Mγ
+
(Γ′)×Mγ(Γ′′)
formed by moduli spaces of the same type. For the latter we again use
that (M,ω) is closed, see the proof of the next proposition. The above
compactness result for one-dimensional moduli spaces translates into
X˜2 = 0, so that HC∗(Mφ) = H∗(T
(0,0), X˜) is well-defined.
In the same way as the cylindrical contact (co)homology has an im-
mediate interpretation in Hamiltonian Floer theory, the same is indeed
true for the new algebraic structures arising from the more general moduli
spaces Mγ
+
(Γ). For this we want to work for the moment with a different
algebraic setup, see [10] and [6].
Instead of using the information of all moduli spaces Mγ
+
(Γ) to define
the chain complex of full contact homology, one can use it to define an
L∞-structure on the cylindrical contact cohomology, see e.g. [17] for the
definition of an L∞-algebra.
Defining a hierarchy of operations
mr : Q˜
r
= Q˜× . . .× Q˜→ Q˜
by
mr(γ1, . . . , γr) :=
∑
γ
1
κΓ
♯Mγ(Γ) · γ
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for Γ = (γ1, . . . , γr), it follows that we can polynomially expand X˜ as
X˜(q) =
∑
r
1
r!
∑
Γ
qΓ ·mr(γ1, . . . , γr),
with Γ = (γ1, . . . , γr) at all points q = (qγ) ∈ Q˜. Note that here we identify
each closed orbit γ as usual with ∂/∂qγ . Then it follows from an easy
computation, see [17] or [18], that
Proposition 4.1. The identity X˜2 = 0 immediately shows that the hierar-
chy of operations (mr) satisfy the L∞-relations.
Note that in [6] the authors show that the full algebraic structure of SFT
including holomorphic curves with arbitrary many positive ends and genus
leads to the structure of an IBL∞-structure, so the above proposition is
already contained in their statement. Note that, since we consider mapping
tori and we can prove regularity without referring to polyfold theory, our
algebraic structures are rigorously defined.
In particular, the operation m1 agrees with the coboundary op-
erator of cylindrical contact cohomology. Using homotopy transfer,
it follows that we obtain an L∞-structure with a hierarchy of oper-
ations m′r : HC
∗
cyl(Mφ) × . . . × HC
∗
cyl(Mφ) → HC
∗
cyl(Mφ) such that
m′2 = [·, ·] : HC
∗
cyl(Mφ)⊗HC
∗
cyl(Mφ)→ HC
∗
cyl(Mφ) is the Lie bracket already
considered in [6]. In the same way, note that we obtain a new vector field
X˜ ′ ∈ T (1,0) Q˜
′
on Q˜
′
:= HC∗cyl(Mφ) such that HC∗(Mφ) = H∗(T
(0,0) Q˜
′
, X˜ ′).
We emphasize that, as on the chain level, the L∞-structure as well as the
vector field X˜ ′ contain the same algebraic information, so we switch freely
between both formulations.
It is the goal of this subsection that this L∞-structure on the cylindrical
contact cohomology HC∗cyl(Mφ) indeed descends to an L∞-structure on the
symplectic cohomology SH∗(M). In order to be able to do so, we first need
to show that, by passing from closed symplectic manifolds to open Liouville
manifolds, the required compactness results still hold.
Lemma 4.2. Replacing the closed symplectic manifold by a Liouville man-
ifold, the full contact homology HC∗(Mφ) as well as the L∞-structure on
HC∗cyl(Mφ) are still well-defined.
Proof. While for the result about cylindrical contact cohomology we have
used that every J˜-holomorphic cylinder u˜ is indeed given by a Floer tra-
jectory u : R×S1 → M and then used the well-known C0-bound for Floer
trajectories for our specially chosen Hamiltonian, here we proceed precisely
along the same lines. Although we no longer consider cylinders, above we
have shown that for maps u˜ = (h, u) : S˙ → R×Mφ ∼= (R×S
1)×M starting
from arbitrary punctured spheres S˙ we have
∂¯J˜(u˜) = 0 ⇔ ∂¯h = 0 ∧ ∂¯J,H(u) = Λ
0,1(du+XHh2(u)⊗ dh2) = 0,
where we again use the canonical diffeomorphism Mφ ∼= S
1 ×M given by
the Hamiltonian flow.
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In particular, the maps u : S˙ → M still satisfy a Floer equation, where
h2 : S˙ → S
1 is the second component of the branching map h = (h1, h2)
to the cylinder. More precisely, they are indeed Floer solutions in the sense
of ([22], 2.5.1). That means that the perturbed Cauchy-Riemann operator
∂¯J,H from above belongs to the class of perturbed Cauchy-Riemann opera-
tors for punctured spheres for which A. Ritter proved a C0-bound in ([22],
lemma 19.1) to establish his TQFT structure on symplectic cohomology.
Indeed we obviously have dβ ≤ 0 for β = dh2. Although A. Ritter only con-
siders moduli spaces of holomorphic curves with fixed conformal structure
while we must allow the conformal structure to vary, his C0-bound is suffi-
cient since we still keep the asymptotic orbits fixed. Hence we still have that
the punctured holomorphic curves in our moduli spaces stay in a compact
subset of Mφ ∼= S
1 ×M and thus the required compactness results from [3]
still apply. 
In order to show that the L∞-structure on the cylindrical contact
cohomology HC∗cyl(Mφ) descends to an L∞-structure on the symplectic
cohomology SH∗(M), it still remains to introduce morphisms.
Let (Q˜
+
, X˜+) and (Q˜
−
, X˜−) be pairs of chain spaces and cohomological
vector fields for full contact homology, obtained using two different choices
of cylindrical almost complex structures J˜± on R×S1 ×M defined using
two different choices of (domain-dependent) Hamiltonian functions H±
and ω-compatible almost complex structures J±. Following [11], by
choosing a smooth family (Hs, Js) of (domain-dependent) Hamiltonians and
ω-compatible almost complex structures interpolating between (H+, J+)
and (H−, J−), we can equip the cylindrical manifold R×S1 ×M with the
structure of an almost complex manifold with cylindrical ends in the sense
of [3]. We then count elements in moduli spaces M̂
γ+
(Γ) = M̂
γ+
(Γ, A) of
Jˆ-holomorphic curves, which are defined analogous to the moduli spaces
Mγ
+
(Γ), with the only difference that we no longer divide out the R-action
in the target as the latter no longer exists.
It is shown in [10], see also [11], that we can use these counts to define a
chain map ϕ(0,0) : T (0,0) Q˜
+
→ T (0,0) Q˜
−
for the full contact homology by
defining
ϕ(0,0)(qγ+) =
∑
Γ,A
1
κΓ
·#M̂
γ+
(Γ, A) · qΓtc1(A)
and ϕ(0,0)(qγ+
1
· . . . · qγ+s ) := ϕ
(0,0)(qγ+
1
) · . . . ·ϕ(0,0)(qγ+s ). On the other hand,
it is shown in [10] that the map is indeed compatible with the cohomological
vector fields in the sense that X˜− ◦ ϕ(0,0) = ϕ(0,0) ◦ X˜+. After passing to
homology, it can be shown, see [10], that the map ϕ(0,0) indeed defines an
isomorphism of the full contact homology algebras,
ϕ(0,0) : T (0,0) Q˜
+
X˜+
∼=
−→ T (0,0) Q˜
−
X˜− .
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Apart from the fact that ϕ(0,0) can be used to show that, for closed
symplectic manifolds M , the full contact homology HC∗(Mφ) is inde-
pendent of all auxiliary choices, it at the same time is a morphism of
the corresponding L∞-structure, thus proving that the L∞-structure on
HC∗cyl(Mφ) is well-defined up to homotopy.
Indeed, defining as above a hierarchy of operations
ϕr : Q˜
−
× . . . × Q˜
−
→ Q˜
+
by
ϕr(γ1, . . . , γr) :=
∑
γ
1
κΓ
♯M̂
γ
(Γ) · γ
for Γ = (γ1, . . . , γr), it follows that the chain map ϕ
(0,0) : T (0,0) Q˜
+
→
T (0,0) Q˜
−
is equivalently described by requiring that ϕ(0,0)(f) = f ◦ϕ for all
f ∈ T (0,0) Q˜
+
, where
ϕ : Q˜
−
→ Q˜
+
, ϕ(q) :=
∑
r
1
r!
∑
Γ
qΓ · ϕr(γ1, . . . , γr).
With this it is again an easy exercise, see [17] or [18], to prove that
Proposition 4.3. The identity X˜− ◦ϕ(0,0) = ϕ(0,0) ◦ X˜+ immediately shows
that the hierarchy of operations (ϕr) defines an L∞-morphism between the
L∞-structures (m
−
r ) on Q˜
−
and (m+r ) on Q˜
+
.
We now want to turn again to the case of Liouville manifolds M in order
to see how the above maps can be used to show that the L∞-structure on
HC∗cyl(Mφ) descends to an L∞-structure on SH
∗(M). More precisely, we
prove
Proposition 4.4. The L∞-structure on the cylindrical contact cohomology
HC∗cyl(Mφ) descends to an L∞-structure on the symplectic cohomology, well-
defined up to homotopy.
Proof. Recall that on the chain level the continuation maps for cylin-
drical contact (co)homology provide us with a family of linear maps
ϕn,1 := ϕn : Q˜ → Q˜
n
, where Q˜, Q˜
n
are the chain spaces for cylindrical
contact cohomology generated by the closed Reeb orbits in the mapping
tori Mφ, Mφn , which correspond to fixed points of powers of φ. Since the
continuation maps are compatible with the boundary operators in cylin-
drical contact cohomology, it follows that they descend to endomorphisms
ϕn,1 : HC
∗
cyl(Mφ)→ HC
∗
cyl(Mφn) ⊂ HC
∗
cyl(Mφ) on cohomology. Here we use
that HC∗cyl(Mφn) =
⊕
k HF
∗(φnk) ⊂
⊕
k HF
∗(φk) = HC∗cyl(Mφ), since on
cohomology different fixed points of φk representing the same orbit in the
mapping torus also represent the same element in Floer cohomology.
The corresponding continuation maps for full contact homology defined
in [10] are given on the chain level as maps ϕ
(0,0)
n : T
(0,0) Q˜
n
→ T (0,0) Q˜,
where T (0,0) Q˜, T (0,0) Q˜
n
are the chain groups for the contact homology of
Mφ, Mφn , respectively. As above, they are compatible with the boundary
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operators in contact homology in the sense that X˜n ◦ ϕ
(0,0)
n = ϕ
(0,0)
n ◦ X˜ .
Note that for the continuation maps ϕ
(0,0)
n for full contact homology we
count the holomorphic curves in the same almost complex manifold as for
the cochain maps ϕn for cylindrical contact cohomology, but we now do not
only count cylinders but rational curves with arbitrary many cylindrical
ends. For each n ∈ N the continuation map ϕ
(0,0)
n : T
(0,0) Q˜
n
→ T (0,0) Q˜
is defined by counting holomorphic curves with one positive and arbitrary
many cylindrical ends in R×S1 ×M equipped with a R-dependent almost
complex structure Jˆ . It is explicitly determined by Jˆ = Jt on TM and
Jˆ∂s = ∂t + X
H
s,t, where Hs,t : M → R, (s, t) ∈ R×S
1 shall be viewed as
an R-dependent family of S1-dependent Hamiltonians which interpolates
between H+t := Ht and H
−
t := H
n
t = nHnt in the sense that Hs,t = H
+
t for
s > s0 and Hs,t = H
−
t for s < −s0 (for some fixed s0 >> 1).
Since every meromorphic function on the sphere, whose orders of zeroes
and poles are all multiples of some natural number n, factorize through
the map z 7→ zn, we know that every holomorphic curve in R×Mφ, whose
asymptotic orbits all correspond to fixed points of φkn for some k ∈ N,
can be viewed as a holomorphic curve in R×Mφn . Denoting by X˜
′ and
(X˜n)′ the corresponding cohomological vector fields on Q˜
′
= HC∗cyl(Mφ),
(Q˜
n
)′ = HC∗cyl(Mφn), obtained from homotopy transfer, it hence follows
that (X˜n)′ is just the restriction of X˜ ′ to (Q˜
n
)′ ⊂ Q˜
′
. Translating the latter
statements back into the corresponding statement about the L∞-structure
(m′r) on Q˜
′
= HC∗cyl(Mφ) (encoded in the vector field X˜
′) and the L∞-
morphisms (ϕn,r) (encoded in the continuation maps ϕ
(0,0)
n ), it follows that
(ϕn,r) is an endomorphism of the L∞-structure (m
′
r).
Of course, we have to finish by discussing compactness for the appearing
moduli spaces. Since the compactness results from [3] for symplectic cobor-
disms only apply to manifolds with cylindrical ends over closed stable Hamil-
tonian manifolds, we again need C0-bounds for the holomorphic curves in
the cobordism interpolating between the mapping tori Mφ,Mφn ∼= S
1 ×M .
As before, see ([11], theorem 5.2), it follows that these holomorphic maps
from a punctured sphere S˙ are given by a branching map to the cylinder and
a map u : S˙ → M satisfying now the perturbed Cauchy-Riemann equation
∂¯J,H˜(u) = Λ
0,1(du+XH˜h1,h2(u)⊗ dh2), where H˜s,t now interpolates between
Ht and H
n
t = nHnt from before. Assuming again that H˜ is chosen to be
monotone in the R-coordinate s in the sense that H˜s,t = ϕ(s) · Ht with
ϕ′ ≤ 0, then the result in the appendix of ([22], lemma 19.1) can still be
applied to give the desired C0-bound and hence the required compactness
statement. 
We emphasize that the resulting L∞-structure on SH
∗(M) can again be
encoded in a cohomological vector field X ∈ T (1,0)Q, see [17] or [18]. We
end this section by showing that the resulting L∞-structure on symplectic
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cohomology indeed extends the well-known Lie bracket on SH∗(M), see [1]
and [22]. For this we show
Proposition 4.5. The coefficients 1/κΓ · #Mγ
+
(Γ;A) appearing in the
definition of the L∞-structure count Floer solutions u : S˙ →M in the sense
([22], 6.1) with one positive puncture with varying conformal structure and
simultaneously rotating asymptotic markers. In particular, the above L∞-
structure on SH∗(M) extends the Lie bracket on Floer cohomology defined
in ([1], 2.5.1)
Proof. As in the case of cylinders, following ([11], proposition 2.2), the map
u˜ = (h, u) : S˙ → R×Mφ ∼= R×S
1 ×M is J˜ -holomorphic precisely when
h : S˙ → R×S1 is holomorphic and u : S˙ → M satisfies the Floer equation
∂¯J,H,h(u) = Λ
0,1(du + XHh2 ⊗ dh2). Forgetting the map u and hence map-
ping (u˜, z0, . . . , zr−1) to (h, z0, . . . , zr−1) defines a projection from M
γ+(Γ)
to M(k0, . . . , kr−1). Here M(k0, . . . , kr−1) =M
k(k0, . . . , kr−1) denotes the
moduli space of holomorphic functions h on C with r zeroes z1, . . . , zr−1 of
predescribed orders k0, . . . , kr−1 up to Moebius transformations of C and R-
shift in the target, see the proof of ([11], lemma 2.3), which can be identified
with S1 ×Mr+1 with Mr+1 denoting the moduli space of conformal struc-
tures on the r + 1-punctured sphere. On the other hand, the fibre of this
projection over each point in S1×Mr+1 is precisely a moduli space of maps
u : S˙ →M from a punctured Riemann surface of fixed conformal structure
and fixed asymptotic markers (fixed by the map h, see discussion at the end)
considered in ([22],6.1). In particular, note that the special Floer equation
∂¯J,H,h(u) = 0 from above indeed satisfies the monotonicity assumption in
[22] since β = dh2 immediately gives dβ ≤ 0. On the other hand, as in
the case of the pair-of-pants product described before, we can still assign
a class A ∈ H2(M) to each map u : S˙ → M (and hence every element in
Mγ
+
(Γ)) by closing the punctured surface using the spanning surfaces cho-
sen for the one-periodic orbits in M corresponding to γ+ and γ0, . . . , γr−1.
Concerning the relation between the holomorphic map h and the asymp-
totic markers, we remark that the projection Mγ
+
(Γ) → M(k0, . . . , kr−1)
is indeed supposed to remember the asymptotic markers, that is, we want
to think of M(k0, . . . , kr−1) as the moduli spaces of full contact homology
when (M,ω) is the point. With this in mind, one shall think of the factor
S1 as the space of asymptotic markers at the positive puncture which de-
termines h as well as ki asymptotic markers at the negative puncture zi for
each i = 0, . . . , r− 1, where the combinatorical factor 1/κΓ takes care of the
multiplicity and weights. 
5. L∞-structure and Reeb dynamics
Let (M,ω) be a Liouville manifold and assume that we have chosen
a time-independent Hamiltonian H : M → R of the special form above,
that is, C2-small in the interior and depending only on the R-coordinate
and having linear slope in the cylindrical end. It is well-known, see e.g.
[1], [22], that the one-periodic orbits of H and its multiples kH, k ∈ N,
then correspond to critical points of H in the interior or project onto
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closed orbits of the Reeb vector field on the contact boundary in case they
sit in the cylindrical end. In particular, after passing to the quotient, it
follows that the generators of SH∗(M) are critical points and closed Reeb
orbits. Since in the definition of Hamiltonian Floer theory and hence also
of symplectic cohomology we need to consider parametrized orbits, we
emphasize that the choice of a time-independent Hamiltonian indeed leads
to a Morse-Bott case. As described in [4], it follows that each closed Reeb
orbit indeed gives two generators for SH∗(M), which can be obtained by
viewing the closed Reeb orbit on the contact boundary as an orbit with
a fixed parametrization or as an S1-family of parametrized orbits. Note
that using the relation between parametrized Hamiltonian orbits in M and
closed orbits in the mapping torus Mφ discussed above, this amounts to
having a fixed closed orbit or an S1-family of orbits in Mφ.
It is the goal of this section to prove existence results for closed Reeb
orbits using an algebraic structure in Hamiltonian Floer theory that so far
has not been in the focus of dynamical applications, the Lie algebra structure
and its homotopy extension defined above. First we show that the results
from [11] immediately lead to the proof of the following
Theorem 5.1. If the L∞-structure on SH
∗(M) is not trivial, then there is
at least one closed Reeb orbit on the contact boundary of M .
Proof. We show that this can be deduced from the results in [11]. Assume
that there is no closed Reeb orbit on the contact boundary. Then it follows
that all one-periodic Hamiltonian orbits correspond to critical points.
Furthermore, we can directly assume, by the maximum principle, that
the holomorphic curves stay in the part of M where H is still C2-small.
In the same way as for closed symplectic manifolds it can then be shown
that the corresponding cohomological vector field X is indeed zero on
symplectic cohomology. This follows from the fact that all moduli spaces
of holomorphic curves with three or more punctures then come with an
S1-symmetry as proven in [11]. Note that in this case all periodic orbits
correspond to critical points, so that the simultaneously rotating asymptotic
markers are unconstrained.
We emphasize that the domain-dependent Hamiltonian perturbations de-
fined in [11] arise as special case of the domain-dependent Hamiltonian per-
turbations defined in the appendix when each mapH(~k) :M1(~k)→ C
∞(M)
is given by H(r+1) : Mr+2 → C
∞(M) in the sense that it factors through
the map ft : M1(~k) → Mr+2 forgetting the asymptotic markers and the
multiplicities,
H(~k) = H(r+1) ◦ ft : M1(~k)→Mr+2 → C
∞(M).

As an immediate consequence we find
Corollary 5.2. If the Lie bracket on SH∗(M) does not vanish, then there
is at least one closed Reeb orbit on the contact boundary of M .
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Going beyond, we now show how the results of [12] can be used to prove
the existence of multiple simple Reeb orbits. Let ∆ denote the BV-operator
on symplectic cohomology as defined in [1], [22], defined by counting Floer
cylinders with unconstrained asymptotic markers.
Theorem 5.3. If the L∞-structure is not trivial on Ker∆ ⊂ SH
∗(M), then
there either exist two simple closed Reeb orbits or one homologically trivial
Reeb orbit on the contact boundary of M .
Proof. Here we show that this follows from [11] combined with the results
from [12] using a proof by contradiction. Indeed let us assume from now
on to the contrary that there exists only one simple closed Reeb orbit on
the contact boundary which represents a non-trivial class in H1(M) (with
R-coefficients). Assuming that we have chosen a Hamiltonian H : M → R
of the special form above which is still time-independent, note that we are
in the Morse-Bott case now. By studying all the moduli spaces that a priori
could contribute to the L∞-structure, we show that the L∞-structure still
has to vanish on Ker∆ ⊂ SH∗(M).
First, it follows from the theorem 5.1 above that, if a moduli space
Mγ(Γ) gives a non-zero contribution, then at least one of the orbits in γ
and Γ in Mφ must project to a k-fold covering of the simple closed Reeb
orbit on the contact boundary of M . Moreover, if the orbits γ1, . . . , γs in
Γ project onto the k0-,...,kr−1-fold iterates of the closed Reeb orbit, then
it follows from homological reasons that indeed k = k0 + . . . + kr−1. Note
that, in order to explicitly include critical points in the interior of M ,
here we make the convention that ki = 0 if γi corresponds to a critical point.
On the other hand, using the relation between action of orbits and the
ω-energy of holomorphic curves in R×Mφ (in the sense of [3], 5.3) from
[11], we get that, in the Morse-Bott limit where H vanishes in the interior
of M , all holomorphic curves in Mγ(Γ) have trivial ω-energy. As in [12] we
can deduce from ([3], lemma 5.4) that they have image entirely contained
in the image of a single orbit. In other words, Mγ(Γ) entirely consists
of holomorphic curves which are branched covers of the trivial cylinder
over one of the periodic orbits in Mφ corresponding to the S
1-family of
parametrized orbits given by the closed Reeb orbit.
Since we are in the Morse-Bott case now, note that, by slight abuse
of notation, here γ and the orbits γ1, . . . , γs in Γ are possibly viewed as
S1-family of closed orbits in Mφ; in the notation of [4] this means that
γ can stand for γ or γ (unless it corresponds to a critical point). In our
simple situation with just one simple Reeb orbit, it directly follows from
the definition of the BV-operator ∆ on SH∗(M) in [1] that the kernel of ∆
is spanned, apart from the generators corresponding to critical points, by
the generators corresponding to the S1-families of orbits in Mφ.
It follows that, after restricting to Ker∆ ⊂ SH∗(M), the L∞-structure
only gets contributions from orbit curves in the sense of [12]. Indeed, by
viewing everything in terms of Floer curves inM , recall from proposition 4.5
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that the coefficients of the L∞-structure count Floer curves with simulta-
neously rotating asymptotic markers. When restricted to Ker∆ ⊂ SH∗(M)
it follows that the single orbit in the positive end must correspond to a
fixed orbit, since else the rotating asymptotic markers could again not be
fixed which again would lead to an S1-symmetry on the moduli space. On
the other hand, in the latter case we can indeed forget about the rotating
asymptotic markers, that is, we just need to count branched covers of orbit
cylinders as in [12].
Note that at the moment we assume that the Hamiltonian H is zero in
the interior of M ; in particular, if ki = 0, then the corresponding puncture
is an unconstrained additional marked point in the sense of [10]. Instead of
perturbing H to be a C2-small Morse function, note that we can use the
additional marked points to define evaluation maps which in turn can be
used to pullback de Rham cohomology classes on M in order to integrate
them over the moduli space. As shown in [12], by dimension reasons the
only possible contributions from orbit curves with one or more additional
marked points come from orbit cylinders with one additional marked,
where the corresponding coefficient is given by pairing of the cohomology
class of degree one with the homology class in H1(M) represented by the
closed Reeb orbit. Since the critical points are generators for the relative
cohomology classes in H∗(M,∂M) and the orbit indeed represents a class
in H1(∂M) it follows that this pairing indeed gives zero.
It follows that, for H sufficiently C2-small in the interior of M , the only
possible contributions to X restricted to Ker∆ ⊂ SH∗(M) come from orbit
curves without additional marked points, i.e., where all orbits Γ indeed
correspond to iterates of the closed Reeb orbit on the contact boundary
of M . While for orbit cylinders the Fredholm index is always zero, there
indeed exist examples of moduli spaces of branched covers which by index
reasons could possibly contribute to the L∞-structure. On the other hand,
we have shown in [12] that, after perturbing the Cauchy-Riemann operator
in order to achieve regularity, the count of elements in the perturbed
moduli spaces indeed gives zero - in contradiction to our assumption that
the L∞-structure is nontrivial on Ker∆ ⊂ SH
∗(M).
In order to recall the main ideas from [12], note that the moduli space is
a complex manifold of complex dimension greater or equal to one so that,
when the Fredholm index is assumed to be one, the actual dimension of the
moduli space must be strictly larger than its virtual dimension expected by
the Fredholm index. Note that this in turn implies that the moduli cannot
be transversally cut out by the Cauchy-Riemann operator, even for generic
choices of J . In [12] it is shown that for orbit curves the cokernels of the
linearized Cauchy-Riemann operator fit together to a smooth obstruction
vector bundle Coker ∂¯J . By induction on the dimension of the unperturbed
moduli space of branched covers it is shown in [12] that for every pair
of coherent and transversal sections in Coker ∂¯J the algebraic count of
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zeroes agree and that the resulting Euler number vanishes, χ(Coker ∂¯J) = 0.
In order to finish the proof of the theorem by contradiction, it just
remains to comment on the perturbation schemes used in order to prove
regularity for the appearing moduli space.
While for the general definition of the L∞-structure on SH
∗(M) (as well
as for the moduli spaces with orbits corresponding to critical points) we
have used domain-dependent Hamiltonian perturbations, we have used (as
in [12]) obstruction bundle sections in order to get regularity for the mod-
uli spaces of orbit curves; in particular, we assume that the Hamiltonian is
unperturbed in the cylindrical end of M . By choosing domain-dependent
Hamiltonian perturbations which coherently connect the two given special
choices in the sense of the corresponding definitions in [11], [12] and assum-
ing that for the cobordism the obstruction bundle section is again extended
to a neighborhood of the orbit similar as in the proof of the proposition
3.1 of [12], it follows from standard arguments that the resulting invariants
are still the same. In particular, as in proposition 4.1 in [12] it follows that
we can still use that the orbit curves do not contribute. Note that for the
necessary monotonicity assumption we can possibly replace the appearing
Hamiltonians by a suitable multiple. Finally note that in the case when
we claimed to get a S1-symmetry on the moduli space of orbit curves, the
underlying moduli space of branched covers gets an extra S1-factor (corre-
sponding to the fact that the rotating asymptotic markers are not fixed).
The extra S1-action now directly lifts an S1-action on the obstruction bun-
dle, so choosing an S1-equivariant section in it gives a regular moduli space
which still carries this S1-symmetry; in particular, the Morse-Bott situation
does not cause additional regularity problems. 
Remark 5.4. The proof of our theorem indeed shows that there must ex-
ist closed Reeb orbits on the contact boundary of M such that their first
homology classes are linearly dependent in H1(M).
As above there also exists an immediate corollary which just makes use
of the Lie bracket and the BV operator on symplectic cohomology.
Corollary 5.5. If there exist α, β ∈ SH∗(M) with ∆(α) = 0 = ∆(β) and
[α, β] 6= 0, then there either exist two simple closed Reeb orbits or one ho-
mologically trivial Reeb orbit on the contact boundary of M .
6. Applications to Chas-Sullivan theory
Following proofs by several authors, see e.g. [1], it is known that, in
the important case of cotangent bundles M = T ∗Q of closed manifolds
Q the symplectic cohomology SH∗(T ∗Q) is isomorphic as a BV algebra to
the singular homology H−∗(ΛQ) of the free loop space of Q, after degree-
shift and using suitable coefficients. This immediately has the following
important consequence
Corollary 6.1. There exists a natural L∞-structure on the singular homol-
ogy H∗(ΛQ) of the free loop space which extends the Lie algebra structure
given by the Chas-Sullivan loop bracket.
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Indeed, our newly introduced structure gives a (partial) realization of
the higher-order operations on loop space homology outlined by Sullivan
in [27]. Note in particular that we are indeed resolving all transversality
issues, see the appendix. On the other hand, it is known, see [18] that
the Hochschild cohomology HH∗(A) of an associative algebra A carries a
natural L∞-structure. In the same way it is reasonable to conjecture that
the Hochschild cohomology HH∗(C∗Q) of the differential graded algebra
of singular cochains of a Riemannian manifold Q carries a natural L∞-
structure. Since the latter is ring-isomorphic to the homology of the loop
space in the case when Q is simply-connected, we claim
Conjecture 6.2. The Lie algebra isomorphism SH∗(T ∗Q) ∼= HH∗(C∗Q)
between symplectic cohomology and Hochschild cohomology can be lifted to
an equivalence of L∞-algebras.
7. Relation with mirror symmetry
Assume that M andM∨ are open Calabi-Yau manifolds which are mirror
to each other in the sense of homological mirror symmetry. The classical
mirror symmetry conjecture for closed Calabi-Yau manifolds M and M∨
relates the Gromov-Witten theory of M with the (extended) deformation
theory of complex structures onM∨, and vice versa. It can be formulated as
an isomorphism of Frobenius manifolds. In the follow-up paper [13] we claim
that, passing from closed to open Calabi-Yau manifolds, one expects to get
an isomorphism of so-called cohomology F-manifolds, a (weak) version of
Frobenius manifold modelled on a differential graded manifold. Restricting
the attention at the moment just to the underlying differential graded mani-
fold structure and hence, equivalently, to the L∞-structure which it encodes,
we in particular claim the following
Conjecture 7.1. If M and M∨ are two open Calabi-Yau manifolds which
are mirror to each other (in the sense of homological mirror symmetry),
then the linear isomorphism between SH∗(M) and H∗(M∨,
∧
∗ TM∨) can be
lifted to an equivalence of L∞-algebras.
Before we explain below how this equivalence of L∞-algebras is supposed
to follow from homological mirror symmetry, let us before quickly recall the
basics of deformation theory of complex manifolds, where we refer to [16]
for a detailed exposition.
Note that a choice of an almost complex structure J on M∨ defines a
unique splitting of the complexified tangent bundle into (1, 0)- and (0, 1)-
part,
TM∨ ⊗ C = T 1,0 ⊕ T 0,1.
On the other hand, a complex structure J can be characterized by the fact
that the (0, 1)-part of the complexified tangent bundle is closed under the
Lie bracket, [T 0,1, T 0,1] ⊂ T 0,1.
While it easily follows that, near the fixed complex structure J∨ on M∨,
the space of almost complex structures can be identified with the space
A(0,1)(TM∨) of (0, 1)-forms with values in the holomorphic tangent bundle
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TM∨ = T
1,0 of M∨ = (M∨, J∨), the subset of complex structures agrees
locally with the solution set of the Maurer-Cartan equation
∂¯q +
1
2
[q, q] = 0, q ∈ A(0,1)(TM∨).
Here ∂¯ : A(0,q)(TM∨) → A
(0,q+1)(TM∨) is the Dolbeault operator and
[·, ·] : A(0,p)(TM∨)⊗A
(0,q)(TM∨)→ A
(0,p+q)(TM∨) is the natural Lie bracket
on polyvector-valued forms, see [2].
In the Barannikov-Kontsevich construction we however need to study
the extended deformation theory of complex structures, which is now
locally modelled by the dg Lie algebra of polyvector-valued forms
(A(0,∗)(
∧
∗ TM∨), ∂¯, [·, ·]).
In ongoing work we plan to show how homological mirror symmetry
implies classical mirror symmetry for open Calabi-Yau manifolds.
Restricting our focus again just to the L∞-structures, we first observe that
the Hochschild cohomologies of the wrapped Fukaya category Fukw(M) ofM
and of the bounded derived category of coherent sheavesDbCoh(M∨) onM∨
both canonically carry an L∞-structure, so that, in the case whenM andM
∨
are mirror in the sense of homological mirror symmetry, this automatically
implies that the linear isomorphism HH∗(Fukw(M)) ∼= HH
∗(Db Coh(M∨))
can indeed be lifted to an equivalence of L∞-algebras. With this it then
remains to show that the linear isomorphisms
SH∗(M) ∼= HH∗(Fukw(M)),
H∗(M∨,
∗∧
TM∨) ∼= HH
∗(DbCoh(M∨))
can again be lifted to equivalences of L∞-algebras.
Finally, let ∂ denote the BV-operator on H∗(M∨,
∧
∗ TM∨)
given by the ∂-operator on (p, q)-forms under the isomorphism
A(0,q)(
∧p TM∨) ∼= A(n−p,q)(M∨) given by a holomorphic volume form
Ω ∈ A(n,0)(M∨).
If M and M∨ are mirror to each other, then the isomorphism between
SH∗(M) and H∗(M∨,
∧
∗ TM∨) is also supposed to identify the BV operators
∆ and ∂ on both sides. Then our two theorems from above have the following
two immediate consequences.
Corollary 7.2. If the (extended) moduli space of complex structures on
M∨ is not smooth near J∨, e.g., not every first-order deformation in
H1(M∨, TM∨) can be extended to an infinitesimal deformation of J
∨, then
there is at least one closed Reeb orbit on the contact boundary of M .
Corollary 7.3. If the (extended) moduli space of complex structures is
not even smooth along Ker∂, e.g., there exists a first-order deformation
26 O. Fabert
in Ker ∂ ⊂ H1(M∨, TM∨) which cannot be extended to an infinitesimal de-
formation of J∨, then there either exist two simple closed Reeb orbits or one
homologically trivial Reeb orbit on the contact boundary of M .
Appendix: Transversality using domain-dependent
Hamiltonians
In this appendix we will show how to adapt the results of the author in
[11] to establish the necessary nondegeneracy of orbits and transversality
for all appearing moduli spaces. In particular, we do not need to employ
the polyfold theory of Hofer-Wysocki-Zehnder, but show that we can still
prove the desired regularity results for all appearing moduli spaces using
domain-dependent cylindrical almost complex structures. Since everything
is only a mild generalization of the results from [11], we only focus on the
changes that need to be made, and refer for details to our detailed paper [11].
We want to emphasize that, even after employing domain-dependent
Hamiltonian perturbations, we still keep the monotonicity features for the
Floer curves. For this we will assume that the Hamiltonian perturbations
are in fact fixed (and hence domain-independent) outside a compact region
containing the closed Hamiltonian orbits, so that a maximum principle
still exists. On the other hand, the resulting class of perturbations is still
large enough in order to achieve transversality via the Sard-Smale theorem,
since the holomorphic curves by the maximum principle never leave this
compact region. Note that it is not possible to achieve transversality using
domain-dependent almost complex structures J on M , since the latter do
not affect the orbit curves studied in [12].
For the discussion we have to distinguish between domain-stable holo-
morphic curves (the underlying punctured sphere is already stable in the
sense that it has no nontrivial automorphisms, which means that it carries
at least three punctures) and domain-unstable holomorphic curves like
holomorphic spheres, holomorphic planes and holomorphic cylinders.
Holomorphic spheres, planes and cylinders. First, it is a well-known result
from Gromov-Witten theory, see [20], that one can prove regularity for
all appearing moduli spaces of holomorphic spheres when the underlying
symplectic is semi-monotone.
As in [11] we observe next that there exist no holomorphic planes in
R×Mφ, which simply follows from the fact that there is no branched
covering map from the plane to the cylinder.
On the other hand, we have seen that the cylindrical contact homology
complex of Mφ is precisely given by the sum of the Floer cohomology
complexes for all powers φk of the Hamiltonian symplectomorphism φ. It
follows that the transversality problem for domain-unstable curves in SFT
of (Hamiltonian) mapping tori reduces to the transversality results for
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symplectic Floer cohomology.
Apart from assuming monotonicity in order to be able to deal with
bubbling-off of holomorphic spheres as described above, it is a classical result
(see [?] and [20]), that one can prove nondegeneracy for all fixed points and
transversality for all moduli spaces of cylinders when one considers a suffi-
ciently generic time-dependent Hamiltonian function H = Hk : S1 → M .
Similar as in [11], we however can not assume that for arbitrary k ∈ N
we can work with a single-valued Hamiltonian function Hk given by the
Hamiltonian function H = H1 for k = 1 by Hkt := Hkt, t ∈ R. The prob-
lem is that the resulting function Hk additionally satisfies Hkt+1/k = H
k
t ,
which contradicts the request for genericity of the Hamiltonian and leads to
multiply-covered cylinders. In order to have both the symmetry condition
as well as regularity, we again need to consider multi-valued Hamiltonian
perturbations which destroy all multiply-covered cylinders, see [7] for the
precise definitions.
Domain-stable holomorphic curves. It remains to prove transversality for
holomorphic curves with three or more punctures. While these curves lead
to the involved algebraic structures discussed in [10] and in this paper, from
the point of transversality they actually cause less problems (up to the
compatibility problem with the choices for the other moduli spaces) than
the domain-unstable holomorphic curves. Indeed, the latter are the reason
why transversality is not proved for symplectic field theory in general,
which in turn was the starting point for the polyfold project of Hofer,
Wysocki and Zehnder.
Indeed it was shown in [11] that one can prove transversality for all
moduli spaces of domain-stable holomorphic curves when one introduces
domain-dependent Hamiltonian perturbations, generalizing the Hamilton-
ian perturbations used for the moduli spaces of holomorphic cylinders
discussed above. Here one uses that the underlying punctured sphere has
no nontrivial automorphisms, so that one can allow the Hamiltonian to
depend on points of the punctured sphere, see [11] for details. Furthermore
it was shown in [11] that the resulting class of perturbations is indeed large
enough to prove transversality for generic choices and that all choices can
be made coherent in the sense that they are compatible with compactness
and gluing of moduli spaces, which also involves the moduli spaces of
domain-unstable holomorphic curves.
While we claim that the main results carry over naturally, here is a short
discussion of how the setup of [11] needs to be improved to cover the case
of general Hamiltonian mapping tori.
First, since we now need to employ time-dependent Hamiltonians for
the cylinders, we now can no longer work with the moduli space Mr+1 of
punctured Riemann spheres. Instead we want to use that for every moduli
space Mγ
+
(Γ) there exists a natural map to the moduli space M(~k) of
holomorphic maps from (r + 1)-punctured sphere to the cylinder, see the
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proof of proposition 2.2, viewed as the moduli space for full contact homol-
ogy when the symplectic manifold is the point. Here ~k = (k0, . . . , kr−1)
is the ordered set of periods of the orbits in Γ and the map is defined
by forgetting the map u : S˙ → M . In other words, it only remembers
the conformal structure and, in contrast to the construction in [11], also
the asymptotic markers and hence the map h to the cylinder (up to R-shift).
After introducing an unconstrained additional marked point, we obtain
the corresponding universal curve M1(~k) →M(~k). Generalizing the setup
in [11], we now define a domain-dependent Hamiltonian perturbation as a
map
H(~k) :M1(~k)→ C
∞(M).
The fibre over each point j ∈ M(~k) (which now stands for the conformal
structure and the asymptotic markers) defines a Hamiltonian function
which depends on points on the corresponding Riemann surface with
cylindrical ends.
After extending the universal curve to the compactification of M(~k),
note that the fibre is a compact Riemann surface with boundary circles.
The resulting S1-parametrization near each puncture will be viewed as
time coordinate for the time-dependent Hamiltonian perturbation used
to prove transversality for the corresponding cylinder. Note that every
end automatically has a period assigned to it. Apart from the fact that
the multi-valued Hamiltonian perturbations fix the domain-dependent
Hamiltonian perturbations in the cylindrical ends (see [11]), we claim that
the geometrical setup to define coherent domain-dependent Hamiltonians
from [11] naturally extends from the classical Deligne-Mumford moduli
space of punctured spheres Mr+1 to the new moduli space M(~k).
For this observe that it follows from the standard compactness result in
[3] that the codimension-one boundary ∂1M(~k) of each moduli space has
components of the form M(~k1) × M(~k2). This in turn implies that the
codimension-one boundary ∂1M1(~k) of the universal curve has components
of the form M1(~k1)×M(~k2) and M(~k1)×M1(~k2), depending on whether
the additional marked points is on the upper or lower component. Then we
require that
H(~k)|
M1(~k1)×M(~k2)
= H(~k1) ◦ π1,
H(~k)|
M(~k1)×M1(~k2)
= H(~k2) ◦ π2,
where π1,2 denotes the projection on the first or second factor, respec-
tively. In particular note that M1(~k) can still be compactified to a
smooth manifold with boundary and its boundary strata are moduli
spaces of curves have a less number of punctures, so that the definition of
coherent Hamiltonian perturbations from [11] generalizes in the obvious way.
We emphasize that the domain-dependent Hamiltonian perturbations de-
fined in [11] arise as special case when each map H(~k) :M1(~k) → C
∞(M)
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is given by H(r+1) : Mr+2 → C
∞(M) in the sense that it factors through
the map ft : M1(~k) → Mr+2 forgetting the asymptotic markers and the
multiplicities,
H(~k) = H(r+1) ◦ ft : M1(~k)→Mr+2 → C
∞(M).
On the other hand, it immediately follows that the resulting class of Hamil-
tonian perturbations is still large enough to prove transversality for a generic
choice, as can be seen easily from the proof in [11]. Note that now the uni-
versal moduli space is the zero set of the universal Cauchy-Riemann operator
∂¯ : Bγ
+
(Γ)×H(~k)→ Eγ
+
(Γ)
in the universal Banach space bundle Eγ
+
(Γ) over the universal Banach
manifold Bγ
+
(Γ) × H(~k), where H(~k) is the space of maps from M1(~k) to
C∞(M). Then it can be shown as in [11] that universal Cauchy-Riemann
operator is surjective and hence we obtain regularity for generic choices by
the Sard-Smale theorem as in the well-known transversality theorem for
somewhere-injective curves.
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